This paper is a user's guide to the dilogarithm function .... r '°g(i -¡o
U*to = fi+f2+f2+$ + -~' -K*<1. where Bn are the Bernoulli numbers B2 = 1 ¡6, BA = -1/30, etc., with the notation of [2] . A comparable expression for Li2(-e~z) can be derived by the use of Eq. (11).
2. Functional Relations. There are a number of functional relationships, all stated and derived in [1] , which serve to reduce the computation of the dilogarithm to the interval 0 < x < Vi. 7T2 1 200 =-\J -log(x)log(l -x) -Li2(l -x), 2 (4) Li2(x) =\-log(x)log(l -x) -Li2(l -x), i<x < 1, (5) Li2(x) = ^ -log(x)log(x -1) -1 log(x) + Li2 (l -1), 1< x < 2, (6) Li2ix) = y -\log2(x) -Li2(I), 2<x< (
7)
Li2(x) = -i log2(l -x) -Li2 (-^, -1 < x < 0, ! [«(« + l)(n + 2)] (10) + 4x + ^ x2 + 3(1 -x2)log(l -x), and both of these series converge for |x| < 1.
One can go arbitrarily far in this direction, but the expressions get more complex and are of little use for machine computation. On the other hand, they certainly are convenient for hand computation. The n6 version of this procedure is used in [3] but in that case it only succeeds in getting wrong answers faster, as the resulting expression has enormous internal cancellation for arguments near 0.
c. Error Propagation. For values of x < 0, both the absolute derivative df/dx and the relative derivative x/f • df/dx are less than 1 in magnitude and so in this interval both relative errors and absolute errors in the argument are damped. In the interval 0 < x < 2, both of the derivatives rise from 1 at the origin, become infinite at x = 1, and then decrease to zero at x = 2. Therefore, both relative and absolute accuracy are completely lost in the neighborhood of the point x = 1.
The absolute error is amplified in the interval 0 < x < 1.28..., and the relative error in the interval 0 <x < 1.13...; they are damped otherwise.
In the interval x > 2, the derivative goes from zero towards its asymptote of -log(x)/x and is less than 1 throughout the interval. Therefore, absolute errors are damped for x > 2. The same is true for relative error except that near the zero at x = 12.595..., all relative accuracy is lost.
d. Design of Subroutines. Because the function has value 0 and slope 1 at the origin, it is reasonable to look for relative accuracy near the origin. For this reason, the error curves for Li2(x)/x were leveled.
The use of Eqs. (4) through (8) to bring arguments into the range [0,1/2] causes little loss of precision. Neither (4) nor (5) is valid for x = 1, which must be treated separately.
The series (3) can be used near x = 1 and no problems arise, but internal cancellation will cause loss of significance if the series is used for arguments near zero.
For arguments larger than about 2, it is more practical to use Eq. (6). The convergence of series (3) is quite good, but little is gained by its use because of the two logarithms that are required.
Equations (9) and (10) have improved convergence, but are not very useful for machine computation. There is some error amplification with either series because of partial cancellation, but far more important is the complete loss of accuracy due to internal cancellation for small values of x. In the algorithm published in [3] , Eq. (10) was used and led to the loss of two decimal places of accuracy for arguments near .01. The problem would be solved if a routine were used which returned accurate values of log(l + x) as a function of x.
It does not seem necessary or practical to provide any remedy for the loss of relative significance near the zero at x = 12.595..., since normally a standard of absolute accuracy is what is wanted in this range; and, in any case, little improvement could be obtained without a separate entry point.
No alarm exits are required and no overflow can occur. Some loss of precision will be experienced if the polynomials in the tables are evaluated in the normal way because the coefficients are not a decreasing sequence. The loss is not great, and full accuracy can be obtained by converting them to continued fraction form by the methods described in [5] .
e. Checking. Consistency checks can be derived from the relationship
and the series (3) can be used for arguments near 1. There are also some special values for which the value of Li2 can be expressed in simple terms. These are all derived in [1] . h. Index Tables. The code name for the dilogarithm is DILOG. Coefficients for rational approximations to Li2(x) are given in Appendix A. The coefficients are given to enough decimal places that each of them ends with some meaningless digits. Pn is the coefficient of x" in the numerator and Qn is the coefficient of x" is the denominator. The error criterion for these approximations is relative.
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